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Abstract 

Abstract deformational structures, in many aspects generalizing standard elasticity theory, are in¬ 
vestigated. Within free deformational structures we define algebra of deformations, classify them by 
its special properties, define motions and conformal motions together with deformational decomposi¬ 
tion of manifolds, generalizing isometry of Riemannian spaces and consider some physical examples. 
In frame of dynamical deformational structures we formulate variational procedure for evolutional 
and static cases together with boundary conditions, derive dynamical (equilibrium in static case) 
equations, consider perturbative approach and perform deformational realization of the well known 
classical field-theoretical topics: strings and branes theories, classical mechanics of solids, gravity and 
Maxwell electrodynamics. 

PACS: 04.50.-bh; 45.40.-f; 46.25.-y; 02.40.Hw ] 


1 Introduction 

Recent time the strong tendency to inclusion of embedded objects into the scope of theoretical and math¬ 
ematical physics is observed (see references in [|^). We should relate to the subject all strings and branes 
models ^ including their supersymmetric and noncommutative generalizations [Q , embedding meth¬ 
ods of GR and its alternative formulations and generalizations j^, geometrical methods of nonlinear 
differential equations theory and jets approach 0 and many other things. Probably, such central position 
of the ’’embedded objects” in modern physics can’t be accidental: it may reflect either multidimensional 
nature of physical reality, observed through all its levels, or some ’’immanent” for us, as observers, means 
for its description. 

At the same time, majority of the field-theoretical models, exploiting embedded objects, reveal amaz¬ 
ing and, in our opinion, deep interrelations with some general ideas of elasticity theory of continuous 
media may be with a number of ’’nonstandard” properties such as nonlinearity, plasticity, viscosity, 
anisotropy, internal spin, nematic or smectic structures or memory Particularly, in 

papers dl 0 0 0 it has been shown, that Einstein GR and standard classical solids dynamics 
admit natural formulation in terms of mechanical straining of thin 4D plates and 4D strings (strongly 
tensed bars) respectively. 

Interesting and important problem, arising under such unifying of embedding and elasticity ideas, is to 
extract and formulate general ideas of continuous media physics in its the most abstract and general form, 
independent on peculiarities of one or another theory. So, we intend to follow the line of investigations, 
which can be called general theory of deformational structures (d-structures) with the aim — to formulate 
and work out universal language for the objects, which are able, in some sense, to be ’’deformed”. 

* sergey@yspu.yar. r u 


1 



Although we’ll restrict ourself by the case of real manifolds, majority of statements will take place after 
suitable complex generalization, which is necessary for constructing of quantum d-structures. Moreover, 
some general concepts ’’survive” even without smooth structures, but we reserve the more abstract 
schemes for future. 

Present papeiQ is devoted to some first principles of this program. We work out ”deformational 
terminology” and set some general propositions, statements and relations, which can be recognized within 
well known theories and which can be used in future works. 

Within the first half of the paper (Sec.^ we consider free d-structures, generalizing kinematics of 
standard elasticity theory and reflecting, mainly, geometrical properties of a number of physical models. 
The second half (Secc.§,§j|) is devoted to dynamical d-structures, which include, apart from kinematics, 
some dynamical principle and reflect, mainly, physical properties of field-theoretical models. Examples of 
deformational structures, performed in the paper, involve elasticity theory together with its (generally- 
)covariant generalization, Hamiltonian formalism, bundle spaces with invariant connection, thermody¬ 
namics, strings and branes theories, classical solids dynamics, gravity, Maxwell electrodynamics. Some 
more subtle technical questions are investigated in Appendixes. 

Always, when it is possible we use standard notations of sets theory [^, smooth manifolds theory |2|] 
and (almost^ anywhere) use coordinateless representation of tensor equations. Particularly, we’ll denote 
by 

Dom, Im — domains and images of mappings; 

^ — equivalence relation p; 

Dg(A X A) — diagonal of a direct product (i.e. set of pairs (a, a) G Ax A); 

TTp — mapping on quotient space with respect to equivalence p; 

[a]p — class of equivalence of the element a with respect to p; 

A < B — A is sub(pseudo)group of (pseudo)group B; 

dxX = X\x = dXjdx — partial derivative; 

r(r, s) — space of tensors of covariant valency r and contravariant valency s; 

( , ) — scalar product in different tensor spaces; 

( , ) — pairing of tensors and linear functionals over them; 

Mmxn(£) module of m x n matrices over ring £; 

Hom(A, H) — space of linear mappings of modules (linear spaces) A ^ B. 

2 Free deformational structures 

2.1 Definitions 

We call free deformational structure D the collection where: 

B and M — smooth, connected, closed manifolds, dimS = d, dim Ad = n> d] 

£ C Emb(,B, Ad) — some subset of all smooth embeddings B Ad; 

0 G fl®P(Ad) — some smooth real-valued form of degree p on Ad. In what follows we’ll call: B — 
d-body, Ad — d-manifold, 0 — d-metrics, and image i{B) = 5 C Ad for some l G £ — d-object or 
deformant. 

Any embedding l induces form ((ii)*0 G H®p(K), where (dt)* — embedding l codifferentiaQ mapping 
j7®p(Ad) ^ n®P(K). Let consider some another embedding i! G £, which induces its own d-object 
l'{B) = S' G_ Ad. In £l^P{B) we’ll have the form {dt')*Q. Easily to see, that the composition 

l' o ^ (1) 

^This is revised and essentially more developed version of which is, in turn, small part of talk, presented at 5-th 
Asian-Pacific conference (Moscow, October 2001). 

^Coordinates in ambient space we denote by small Latin letters with big Latin indexes — A = 1,... n, on embedded 
d-object — by Greek letters with Greek indexes — a. = 1,..., d. Such doubling is useful for coordinateless symbolic 
notations. 

^We denote by (dt)* mappings for any p. 
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is diffeomorphism S S' = C(‘5), which we’ll call deformation of d-body in M. 

Any deformation C has natural local measure — difference of two forms, taken at the same point 
h&B: 

{di'yeib) - {dL)*Q{b) = Aeib), 

where we have introduced notation Ag for deformation form on B. Using definition (|^) and the well 
known composition property of codifferential: 

{d{a o f 3 ))* = {d(3)* o (da)*, (2) 

we obtain the equivalent representation: 

As = (dO*((dC)*0-0), (3) 

and define the deformation form 

A5 = ((dO*)-'Aa = (dC)*0-0 (4) 

on the deformant S. Note, that the representations (^) and (^) correspond to material and referent 
descriptions of deformable bodies in classical continuum media dynamics ]^ . 

2.2 Algebra of deformations 

For any deformation C let define the subsets of £ : 

Pri(C) = {i e 5 I Im(t) = Dom(C)}; Pr 2 (C) = {(•€£ | Im(i) = Im(C)}. 

As it follows from the definition (p, the set of all deformations of the d-body in A4, which we’ll denote 
DEF^(B), can be treated as image of the surjective map (j) ■ £ x £ ^ DEF^(B), acting by the rule: 

I'f}) ~ ^(3 ^ ^OL — CafS- ( 5 ) 

The following proposition clears the relation between £ x £ and DEF 7 k(;B). 

Proposition 1 Fibre = {d€ £x£ \ d = C°'-C°0}i where Q — some element o/DEF 7 k(K), 

I runs all elements from the Diff(S), and embedding lc^ € Pri(((). 

Proof. The inclusion (^ot(^ol) g immediately follows from the (§■ Let the two elements 

(ia, i/s) and {lj, ls) of £ x £ defines the same deformation C = ^/3 o =1^6° U Images of the firsts - 
ia, and of the seconds - t/ 3 , is embeddings pair-wisely coincide in At (as domains and images of the 
same deformation (j in At respectively), i.e.: 

La{B) = Lj{B) = S and tp{B) = is{B) = S'. 

Then, particularly, it follows, that where I — some diffeomorphism of the d-body B. So, if the 

pairs (ia, ijs) and (t^, ls) lie in the same fiber (/'“^(C)) then they necessary have the form (i^, ^ o t^) and 
(ia o I, o o 1 ) respectively. Simultaneousity of the two inclusions proves the proposition.□ 

The map (j) endows £ x £ the canonical equivalence {iaji-fs) ^ (UU^)? if <(>(iaU/3) = ^(uUi) and 
we can identify DEF>i(^) with quotient space^ t^d{£ x £), consisting of classes [(ta,i^)]D = (afS, such 
that is the fiber of Proposition 1, containing the element (ta, Lfs) £ £ x £. 

On the set TToiS- x £) one can introduce the following binary relation: 

P = {(C 1 A 2 ) e ttd [£ X £) X ttd {£ X £) I Pr 2 (Ci) = Pri(C 2 )}- 

It is easily checked, that p is T—reflective and T—antisymmetric, i.e. (CjC"*") G P: and, if simultaneously 
(Cij C 2 ) G P and (C 2 , Cl) G Pj then zeta 2 = ■ Here {C^)a 0 = Cpa- We’ll call this relation T—tournamen^. 

Lets denote the following subsets: 

r- = {C' £7 rn{£x£)\ {('X) G p}; = {C' G ^^(f x £) | (C,C') G p}. 

“^Such quotient space is sometimes called twisted m.idtiplicatinn and in our case is denoted S S. 

^Tournament is reflective and antisymmetric binary relation pij. 
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Proposition 2 On the set TToi^ x £) with T—tournament p there exists pseudogroup structure^ 

Proof. For any ( G ttd{£ x £) and for all G G we define left and right pseudogroup 

multiplications as compositions of deformations: 

C'*C = C'oC, and C*C" = CoC" 

respectively. In components: 

C * C = [{l , ii)]D * [(tl, i2)]l5 = [{i ,i2)]D\ C * C" = [(''!) ‘'2)]d * [('-2, t')]D = [(tl, 

Units elements will be given by the expressions: 

= [(U^ U)]!) € 7ri5(Dg(£ x £)), e+ = [( 4 , 4)]£’ ^ 7^£'(Dg(f x £)), 

where 6,^ G Pri(C), 4 G Pr2(C)- Finally, for every C G ttd(£ x £) there exist unique inverse element 
and it is easily to check in components, that = C"*"- 
So, the set ttd{£ x £) = DEF 7 k(,B) — pseudogroup.O 


2.3 Classification of deformations and Boolean matrix calculus 


Lets consider the following formal object: 


/ Dom n Dom Dom H Im 
I Im n Dom Im H Im 


It can be understood as the mapping: DEF;vi(;B) x OYFm{B) M 2 x 2 (lB( 7 W)), where M 2 x 2 (lB(Af)) — 
module of 2 x 2 matrices over ring of subsets of At, which form boolean algebra 05(At). For every pair 
(Cl; C 2 ) G DEF_Aa(S) X Y>YFj^{B), such that ^1 : 5i ^ and (,2 '■ ^2 —> S 2 we have: 

„,. ^ \ ( 5i n 52 5i n ^2 

-^(Ci,C2) - 5(n5^ 


We’ll call 2i(Ci) C 2 ) rnatrix of intersection of (ji and ( 2 - For Ci = C 2 = C we’ll call I(((, C) matrix of self¬ 
intersection of C,. Easily to check, that matrix of intersection is degenerate on any pair of deformations in 
boolean sense, i.e. detX(Ci,^ 2 ) = 0 , where determinant is defined as usually, but calculation are carried 
out with the help of boolean operations H, \. 

The first step to classification of deformations is based on the kind of matrix X{C,,Cf). We’ll say, that 
deformation f ■. S ^ S' 

— is parallel, if X(C) C) — diagonal in boolean sense (i.e. nondiagonal components are 0 ); 

— is sliding^ if X(C, C) = S ■ £t, where 


n = 


M 

M 


M 

M 


and multiplication on ’’number” S is component-wise boolean multiplication H of 5 on elements of U; 

— is stretch of S, if 

= I' 

®Let remind, that pseudogroup is a set of elements A, for which composition * is defined may be on some subset (binary 
relation) U C A x A and where the following properties are hold: associativity, for every a £ A there exist unique left 
and right ej units elements (generally speaking depending on a), lying in A an d there exists unique inverse element a~^, 
lying in A, such that ea * a = a * ei = a and a * a~^ = , cl~^ * a = ei pJ. 

7lt is useful to differ the following particular cases: total sliding, if ^ — sliding with S = A4 and empty sliding, if — 
sliding with S = 0. 
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— is contraction of S, if 

i(C,C) = (|, %)- 

We’ll denote this the simplest classes of deformations as 
Simp= {Par(5), Sl(5), Str(5), Ctr(5)} 


respectively, omitting sometimes argument S. We observe, that by the definitions 

S1(7W) DEFm{M) = Diff(7W), Str(5) n Ctr(5) = Sl(5). 

Easily to see, that for every S = i{B), Sl(5), Str(5), Ctr(5) form subpseudogroupsQ of while 

Par(5) generally speaking, doesn’t. Obviously, boolean matrix calculus become trivial for Diff(Al), since 
it is mapped into a single self-intersection (in fact, intersection too) matrix Fl. 

Let DEF 7 y^(;B) 9 C ^ S ^ S' and let 5 n 5' = 5o is connected. Then we can define deformations C± 
by the rules: 

c+ : 5o ^ C(5o) = 5'; C- : ^ = S'f. 

We’ll call Sq — zeroth self-intersection, (C+ — first direct and — first reverse continuations of f. Then 
we introduce the first direct SqDSq — S+ and first reverse So 0 Sq = S- intersections and second direct 
and reverse continuations of f — deformations : 

C++: 5+^C(5+); C+-: 5+^ C-'(5+); C-+: 5_ ^ C(5-); C— : S. ^ C\S.). 


Assuming connectedness of S± and continuing this procedure, we obtain the chain of self-intersections 
and corresponding chain of deformational continuations: 


{C±} r T {C±±} 
‘JO —*■ i‘J±| ^ 




where {«„} denotes collection of 2" binary codes of length n of the kind 11^2 ik = 

example, if Sa^ — some connected fixed n-th self-intersection, then we define by induction: 


{Cctn+l} 3 Ca„+ • ‘5a„ ^ {Ca„+i} 9 Can- ' ‘^a„ ^ C ^(‘5a„); 

San+ — Sari 1^ C{Ban)] Ban- — Ban 1^ C ^(‘5a„)- 


For 


Also we get the set of matrices of n-th self-intersections as {Han} = {^(Ca„, Can)}- 
The following two propositions are basic for classifying of intersected d-objects. 


Proposition 3 If fan ^ Simp, then all continuations of fan ^*6 Simp. 

Proof. Let Can £ Par, then San = ^ and all lam = 02x2 for m > n, so Ca^ £ S1(0) = Par(0). 

Lot Can G Sl(5a„_J, then San — San-i- So, we have Can± • ‘^an-i ‘^an-i and Ja„,if,f) = 
Jan (C) C) = ‘^an-i ■ ^ for all m> n. 

Let Ca„ G Str(5Q„_j), then San = ‘^an-i and Ca„+ G Str, Ca„- G Ctr. 

Let Ca„ G Ctr(5Q^_i), then = Can(‘5an-i) and Can+ G Ctr, Can- G Str.D 

Proposition 4 For any n and k = Si^...ik-i—i-ik+ 2 ...in- 

®The set A' C A is said to be subpseudogroup oLpseudogroup A, if A' — pseudogroup with respect to composition in 
A. We leave notation A' < A from groups theory [pi[. 
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Proof. Accordingly to inductive definition 


Cn.. 

■*fc-l+ ' 

'■ Si^,,, 

ik-1 

! Cii-. 

■ ik-l- ■ Sii...ik-i ^ C 

Then 






Sii. 


= Si^, 


Sii.. 

■ ik-l- ~ ^ii...ik-i C 

Similarly 






a.. 

•2fc —1+ — 

■ Si^ 

...ik-i+ C (‘^ii.. 

."ife-l-t-y 

1 

+ 

1 

1 


Finally, we check 


So, all continuations of every deformation ( can be depicted by the following commutative branching 
partially ordered graph T of simple self-intersections (Fig.Q). Commutativity (convergence of arrows) 
is guaranteed by proposition Notation {n,s), which is shortening of C{n,s), includes n — order of 
continuation of C (length of binary code a„) and s — signature of continuation — difference between 
number of + and — within binary code a„. Correctness and unambigiousity of such notations is again 
guaranteed by proposition ^ If some arrow (no, so) belongs to the Simp, then all following arrows (n, s) 
with n > no, sq — {n — no) < s < So + (n — no) are the simplest accordingly to the proposition ||. So, 



Figure 1: Graph of simple self-intersections. 

for every oriented path of graph F there are two possible alternatives: either on some step (no,so) it 
become simplest, or it can be infinitely prolonged as nonsimplest. In this last case we’ll call order of 
self-intersection of C infinite. If any path of F become simplest on some step, we say that order of self¬ 
intersection of C is finite. Then we can define type and order of this finite self-intersection, specifying order 
and type of continued deformation, from which the simplest types begin. Lets consider some examples. 

1. Consider parallel shift of square on along diagonal on its 1/3 part. The deformation and its 
graph of self-intersection are shown in Fig.^ 

Beginning with n = 3 the graph is stabilized and all Caj belong to the type Par. So the type of the 
graph is (3, Par). 

2. Lets consider rotation of square on by angle 7r/4 around one of its vertexes (Fig.^. 

Beginning with n = 2 the graph is stabilized and all Cq,„, n> 2 belong to the type S1(0). The type 

of the graph is (2, S1(0)). Sliding set is center of rotation O. 

3. Consider deformation of R^ in R^, such that S' is obtained from 5 = R^ by bending R^ at the 
point 0 and by following constant shift of obtained curve on vector (a, 0) (along R^) (Fig.^. Easily to 
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Figure 2: Shift of square. Order and type of the graph — (3, Par) 




Figure 3: Rotation of square. Order and type of the graph — (3, SI). 


see, that under n = 1 graph of self-intersection is stabilized. Namely, € Ctr, G Str. So, its type is 
(l,Ctr, Str). 

We have consider the case of simple self-intersections, when every continuation S(^n,s) is connected. If 
it is not the case, we need to introduce one additional index 7(n,s)) numbering connected components of 
^(n,s) for every pair (n, s) : 

^in,s) = ‘^TCn.s) ■ 

7(n,„) 

Graph of self-intersection will become more complicated: it acquires additional branching (say in third 
dimension) due to the possible topological branching of continuation 5(„ g). However, notions of finite and 
infinite order of self-intersection remains valid and specifyings of finite order and type of self-intersections 
are well defined. 

The more detailed (but more complicated) classification of self-intersections involves analysis of in¬ 
tersection matrix C(„ 2 _g 2 )). We don’t touch this possibility in the present paper. 



Figure 4: Bending and shift of R^. The type of the graph — (1, Ctr, Str). 




Lets briefly outline the role of J(Ci, C 2 )- Firstly, we observe, that for every ^ S 2 and for every 

9 C 2 : S 2 ^ S 3 or 9 C 2 : 5o ^ 5i we have: 


I(Cl,C2) 


tSi n S2 Si n S3 
S2 S2 n 53 


or I(Ci,C 2 ) 


51 n 5o 5i \ 

5 2 F 5o ^2 n 5i J 


respectively. It is naturally to call such class of intersection matrices and deformations consequent. 
Let we have the pair of consequent deformations Ci : 5i ^ 5^ and (^2 ■ S'l ^ S 2 . 


Proposition 5 There is following relations between self-intersection and intersection matrices: 

i(Ci, Cl) • I(C 2 , C 2 ) = (5i u 52 ) n • i(Ci, C 2 ), (6) 

where boolean matrix multiplication is defined as usually (line x column) with the help of boolean opera¬ 
tions. 


Proof. The proposition can be checked directly.D 

Particularly, it is follows from (||), that, if Ci and C 2 are both parallel (i.e. (5i U S 2 ) n 5^ = 0), then 

x(Ci,Ci)-^(C2,C2) = 0. 

There is necessary and sufficient matrix criteria for the situation, when two parallel consequent de¬ 
formations gives parallel composition. 


Proposition 6 Two consequent deformations Ci and C 2 together with their composition C 20 C 1 parallel, 
if and only if 


I(Cl,C2) 


0 0 \ 
S'l 0 ) 


Proof. Proposition is checked directly in both directions.□ 
In case of more general situation we have 


Proposition 7 Two consequent deformations give parallel composition, if and only if 

Proof. Proposition is checked directly in both directions.□ 

At the end of the subsection we introduce some another special deformations. We’ll say, that C : S 
S' is deformation with invariant (fixed) set S' (S^), if Cl<s* ^ Sl(5‘) (CI 5 G Sl(5) for any S C 5^). 


2.4 Homotopies, histories and proper deformations 

Lets consider the set consisting of homotopic classes of embeddings 8 . Here we define strong 

smooth homotopy of embedding i S £ as smooth mapping F : B y. I ^ M., where I = [0,1], such, 
that F{B,0) = L and F{B,t) = Ft{B) e £ for every t G I. The two embeddings t and t' are said to be 
homotopic: i 5 i', if there exist strong homotopy F, such that Fo{B) = t, Fi{B) = d. Homotopy relation 
is equivalence on £ and 7r//(£) = £/ 5 Q. 

Lets define strong homotopic equivalence on £ x £. We’ll say, that (ti, L 2 ) 5 (i^, i^)) if simultaneously 
Li 5 i,( and i 2 5 i'^. Obviously, the set of classes of the strong homotopic equivalence 'Kh{.£ x £) = 
tth{£) X tth{£)- 

Now we are able to define some special kinds of deformations in DEF;v((H), using the homotopy 
relation. Lets consider the set •Kfj^(Dg{-KH{£) x tth{£))), i.e. set of pair of homotopic embeddings. 
The set, after factorization by -kd becomes the subset TtFF m{S)o C DEF 7 V((H), which we’ll call proper 
deformations. Within the classical (nonquantum) d-structures it is naturally to restrict ourself only by 
this type of deformations. Obviously, DEE 7 V((H)o — subpseudogroup of DEEyv((H). 


For every C G DEF 7 k(S)o by its definition there exists some history — strong homotopy such 

that F'(^)q = DomC = S, F(^qi = Im^ = C(5) = S'. The set of all histories of the deformation C we’ll 
denote Hist(C) and call class of histories of C- It is easily to see, that pseudogroup structure on m{B) 
induces composition law for histories: for every Cii C 2 ; Cs; such that Ca = C 2 ° Ci: Put 

%3) = -^(C2oCi) = ° F{Ci)^ 

where last equation means standard composition of homotopies . Similarly, we can define multiplica¬ 
tion of classes Hist(C 2 ) oHist(Ci) = Hist(C 2 ) x Hist(Ci) C Hist(C 3 ), consisting of all possible compositions 
of histories from Hist((^i) and Hist(C 2 )- 

Every C, G DEFy\ 4 (;B)o can be classified by the methods of previous section. We’ll say, that history 
F(^Qt has type f in a strong sense, if F^^Qf has the same type as C on a whole /. Now we can introduce 
the simplest proper deformations as collection 

SimpQ = Simp n DEFyK(B)o 

with histories of corresponding types in the strong sense. Also, we introduce notions of strongly invariant 
(fixed) subset C 5 = i{B) {S^ Q S = i{B)) relatively if 

F{t;)tiS') = S' iF(()tis) = s for all s G S^) 
for all t G I. 

2.5 Vector fields, motions and generalized Killing equations 

Lets consider some proper deformation 

C G DEFm{B)o : 5 = l{B) ^ S' = l'{B) 

and let ^{0 will be its some history. Consider the set M. 3 = yJt^iF(^Qp{B) = Ut^iSt- It can be 

treated as image of smooth mapping of the smooth manifold I x B —> Ai, which, generally speaking, is 
not submanifold and even not immersion in At. We’ll call it trace of history F(^Qt in At. Its boundary 

is 5 U 5' Utg/ Ft{dB). Let d/dt — uniquely determined horizontal vector field on B x I, i.e. such 
that dTTi{d/dt) = 0, d-K 2 {d/dt) = d/dt, where 111,^2 — projections oi B x I onto B and / respectively. 
The trace is composed of an integral lines {Fi^Qt{b)}i)^B of the vector field r = dFi^Q{d/dt), defined 
on The family of embeddings {Fi^Qt{B)}t£i induces the family of deformation forms {Agjtg/ by 

the following rule: 

= (dF(ot)*0 - mooTQ- 

We’ll say, that the history is motior^ of the d-body S in At, if = 0 for any t G I or, in other 
words, if the image {dF(^Qf}*Q is constant on I. This notion generalizes a concept of absolutely rigid 
solids in classical mechanics. 

Proposition 8 History is motion, if and only if 

= 0, (7) 

where £r — Lie derivative along the vector field r = dF(^Q{d/dt) on 

®Of course, one can consider not only proper motion. The generalization is obvious and we don’t touch it in present 
paper. 
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Proof. Lets calculate the derivative 


dt 

2 


3 


{(<iF«).)'e5.} i lim - (dFicres. 


s^O 


(dF 1* li'm ^ ° idF(^Qt+s)*QSt+3 ©St 

mot) lim-^- 


mot)* lim 


id{F(^Ot+s ° imt) ^))*0St+. - ©St 


= {dF{Ot)*‘^TQSf 

The eq. ”1” — definition of derivative, in ”2” we have used independence of on s, in ”3” — 

property (^) and identity ((da)*)”^ = (d(a“^))* for any diffeomorphism a, and in ”4” - definition of Lie 
derivative (note, that the mapping Ft+s o F^^ maps St St+s). Since {dF(^ot)* is nondegenerate under 
every fixed t, then proposition is proved.□ 

The equations (|^) we’ll call generalized Killing equations, and r — generalized Killing vector field. 


2.6 d-coverings of d-manifolds 

Let S = b(B) will be some fixed deformant and let MOTx (S) — set of all its possible motions in A4. Easily 
to see, that the motions define equivalence ~ on 5: we’ll call the two embeddings i and d M—equivalent: 
b ~ t', if there exist history G Hist(^), where C, ■. S —>■ S', such that F(^q G M0T7\^(5). Obviously, 
the equivalence ~ is more weak then ~ and, generally speaking, the set = ^aT^fil[ba\M, where 

{t-a} — some set of all pair-wisely ~-nonequivalent elements from T:J^[b]H, and Tb~d^[ba\M^T:fiJ[bfj\M = 0 
for all a fi. We’ll call Tr'^[ba]M — a-component of Tbfi^[b]H, and its image 

7^(5„) = U 

rigidity a—component of the manifold M relatively to the embedding b. Here Sa = ba{B). The family 
{7^(5 q)} forms some covering of M.'. 

M =|J7^(5a), 

OL 

which we’ll call deformational {B, 0, h) —covering of the manifold A4 or, more shortly, d-covering, where 
TTniS) h = 7r_f/((,), 

Within the classical dynamical d-structures, which will be considered in the next sections, it is natu¬ 
rally to use as configuration space of deformant not but its factor: 

{mm/ ^ [fm o mm)} = ins^)}, 

that reflects the deformational indistinguishability of those configurations, that are connected by some 
motion. It will be automatically provided in second half of the paper by formulation of physical action 
in terms of A : 5^ = so that 5^ ^ <5A — vanishes on motions. 

We’ll call the manifold M. deformationally trivial relatively to its {B, 0, h) — d-covering, if ttm — 
constant mapping and deformationally discrete, if ttm — identical mapping. The manifold A4 will be 
called deformationally homogeneous (d-homogeneous), if 

7^(5„) = M (8) 

for some a and completely deformationally homogeneous, if (|^) is satisfied for all a. 

Deformationally trivial manifolds have no significance from the view point of deformational structure 
theory by the following 
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Proposition 9 Any deformationally trivial manifold has: 

1) constant d-metric, if Q G 

2) zero d-metric, if O G p 7 ^ 0 . 

Proof. For any of the cases deformational triviality by the proposition 8 means £rQ = 0 for all 
smooth vector fields r. In case p = 0 we have £r& = t 0 = 0 and then, in any coordinate system {x"^} 
on M, taking consequently t = Sa, A = 1,... ,n we obtain 9 a0 = 0 , 7 l = l,...,n =^>0 = const. 

In case p 7 ^ 0 we have in coordinates: 

p 

{£rQ)Ai...Ap = T^dB&Ai...Ap + ^(9A,r^)0Ai...B...Ap = 0 (9) 

i=i 

Take as previously t = Sa, A = 1,... ,n consequently and obtain that 0 is constant form (so the 
first term in (|^) vanishes). Since coordinate system is arbitrary, we conclude, that 0 = O.D 

Riemannian manifold with general metrics g is an example of deformationally discrete manifold. 
Euclidean space E” is completely deformationally homogeneous relatively any (S, 77 , ft.)—decomposition, 
where 77 — Euclidean metric, B — arbitrary d-body, ft — arbitrary element •kh{£)- As an example of 
deformationally homogeneous, but not completely deformationally homogeneous manifold consider the 
following situation. Let M. = T* 2 r( 0 ) \ -^r(O) — closed ring on 2D Euclidean plane (as usually, Df{a) 
— TT—dimensional disk with radius r and center a, bar above letter — topological closure), Q = rj — 
2D Euclidean metrics, B — , '-(5'^) = C M — circle with radius R and 7 r//(t) = 1 (for the 

considered case nniS) = 7 ri(AI) — fundamental group of M, isomorphic Z.) Then, in case R < 3r/2, 
TZ{S}f) = £> 2 R-ri^) \ ^r(O) 7 ^ Ad and only in case R — 3r/2, RiSlp^ 2 ) — Ad- 

Now we formulate two propositions and give an example, all illustrating relation of a free deformational 
structure theory with isometries of Riemannian spaces. 

Let St( 7 ;) = {ttt, G £4 \ iptirn) = m} will be the set of all stationary points of one-parametric group 
fjt, generated by some smooth vector field v GTM. 

Proposition 10 If manifold M admits isometry of d-metrics, i.e. if there exists vector field v G TA4, 
such that £yQ = 0, then V S such that S 2 St( 7 ;), there exists nonidentical motion {f/jtlg} G M0Ta^(5) 
and, by the fact, Ad is not deformationally discrete. 

Proof. The proposition immediately follows from the relation: £vQ = 0 Tc ©l-pj? = 0; where 

St = Ft{B) = iit\s, V = v\vp.U 

Proposition 11 If manifold Ad admits r—parametric isometry group Q, generated by vector fields {wi,... 

, Vr} , such that £v^Q = 0, 7 = 1, ..., r, that acts on Ad 

1) transitively, then M. — completely deformationally homogeneous (relatively any decomposition); 

2) intransitively, and if also S n Orbf/ — connected for some orbit OrbfJ, then 

a) OrhQ — completely deformationally homogeneous relatively its (i“^(5 n Orb^), 0 |qj.^,^ , ft = 

(t)) -decomposition. 

b) g < MOTAr(5nOrb5). 

Here, as usually, S = l{B). 

Proof. 1) Taking any S and acting by g, we get (by the transitivity property): 

U5(5)=AI. 

geQ 

2) (a) follows from transitivity property of g on Orbf/. (b) is obvious.□ 

Particularly, if 5 = l{B) = Orbf/, then 

M0TA<(5)nSl(5) 7 ^ 0 
defines the group of rigid proper slidings. 
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So, if 0 — Riemannian (or any other d-) metric on A4 and M admits isometry, then nontrivial 
motions of d-objects always exist. The following example shows, that inverse is not always valid. 

Let with cartesian coordinate system {xi,X 2 }, 6 = / = [0,1] G M, 9 0 = {x^x'^ + 

cotha;^)da;^. Let l{B) = 5 = {0 < < 1, = 0}. By the fact, that 0|3.2 ^q = dx^ = const, it is easily 

to see that the set of homotopies 

{Ft : S ^ St = {xi + 1, 0), 0 < xi < 1, —oo < t < oo}, 

(they are simple rigid translations of units interval along axe x^) lies in MOT7\^(5). Moreover, Vpi = 
= {(x^,0)}. The related vector field v{t,x^), along which £y 0|p^ = 0 is simply djdx^. It is easily 
to show, that v does’nt admit smooth continuation v from Vp on a whole R^. Really, Killing equations 
T„0 = 0 for this case (under restriction v\-p^ = d/dx^) ultimately give: 


x^ + sinh 

The component has singularity on line x^ = — sinhx^, which cross any neighborhood oiVp in R^. 
We’ll call the set 

MOT^(e) = U M0TAi(t(6)) 

motions of d-body in M. Obviously, MOT^{B) < DEFyv((B)o. 


2.7 Conformal motions 


Similarly to Riemannian geometry we also define more general (then motions) histories — conformal 
motions. Infinitesimally, they are defined by the equation: 

|{(d%)t)*0}=¥’-(rf%)t)*0, (10) 

where ip : B x I M. — some scalar function. Using calculations similar to proof of proposition it is 

easily to show, that ( 0 ) is equivalent to the following generalized conformal Killing equations: 

£t (0|pf) = 


where r — generalized conformal vector field. We’ll denote all possible histories with initial embed¬ 
ding S, satisfying (p^, CMOT7V/i(5),^ and set of such histories for all S GMOT Obviously, that 
MOTai(S) < CMOT^(S)^ < DEF^(6)o and MOTMiB) = CMOTa^(S)o. Similarly to the case of 
motions, we can define conformal deformational (,B, 0,/i)—covering of the manifold Ad, and conformal 
generalizations of d-trivial, d-discrete and (completely) d-homogeneous manifolds. 


2.8 d-substructures, compositions and polymetric d-structures 

Lets define isomorphism between free d-structures. The two d-structures 
S) = (B,M,£,e} and D' = {B', M', , Q') 

will be called isomorphic, if there exist diffeomorphisms 
: B' ^B, <^: M' ^ M, 
such that 

d'(S')=^; $(Ad')=Ad; (d$)*0 = 0'; £’ = <i>-^ o £ o. 
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Proposition 12 Isomorphic d-structures have isomorphic pseudogroups of deformations and motion^^. 

Proof. Isomorphism 

(T: DEFa^(6)^DEF^,(S') 

is given by the relations: 

<^(0 = $-1 o C O $, 5'= $-1(5,), z = l,2 

for every DEF^(5) B C ■ Si ^ 82 - 

If Ft G M0T^(5), then FI = $-1 o Ft o $ G M0T^/(5'), since 

I {{dFir&} = I {(d($-i o Ft o $))*(d$)*0} = I {(d(Ft o $))*©} = (d^y±{{dFtre.} 

Since (c?$)* — isomorphism, then also 

f; g mot ^ Ft = $ o Ft' o $-1 G M0T^(5), 
and so MOTM'iB') ^ MOTa.,)^).^ 

We’ll call d-structure D' = S', O') d-substructure of D = {B,fA,S, 0), iiB' CB is embedding 

of B' in B or (and) M' C At is embedding of M' in M and 0' = 0|x'Or (and) S' C S. In case ”or” 
some components of d—structures may be identical. We shall denote this situation as £>' ®, where 

X shows restricted elements of £>, for example £>' Fg/ S. 

Proposition 13 In case D' Fg/ J) there is homomorphism a : DEFa^(5) —> DEFa((5'). In case 
£»' Fm' £» or £>' F£, £», DEFa^/(5) < DEF^(5). 

Proof. In case D' :<b' ® homomorphism a acts by the rule: 

DEFa^(5') 3 a{() = a([(ti,i 2 )]n) = [(tilsG 1 ' 2 \b')]d', VC G DEFa((5), 

where D' means factorization by DifF(5)g' < Diff(5) with invariant submanifold B' C B. In case T)' <m' 
D it is obviously, that if (' S OFFm' fZM{B), then necessarily f G OFFm{B)- Third case is obvious. 
One example of the case we already have faced with: proper substructure £>' :<£> D with DEFai(5)o < 
DEFA^(5).n 

We’ll say that free d-structure S) = {B,M,S,Q) is composition of the free d-structures 
Di = {Bi, All,£ 1 ,0i) and 332 = (^ 2 , At 2 , £ 2 , 02 )- ® = ®i x 332, if 

B — Bi X B 21 JO. = All X JO 2 , £ = £1 X £ 2 , 0 = (diTi)*©! 0 (d7r2)*02, 

where wi and 712 — projections of AIi x Ad 2 onto multipliers. 

Proposition 14 For composite d-structure 33 

OFFm{B) = DEF^,(5i) X DEFm.( 62 ), M0Ta((6) = CMOTa^,(Bi)^ x CMOTa(,( 62 )-^, 
where (p = constg. 

10 As in case of groups we define homomorphism between pseudogroups Ai and A 2 as a mapping a : Ai A 2 , such 
that for every ai, a2, as E Ai connected by the relation ai * a2 = 03 takes place relation for images Q:(ai) * o:(a2) = Q:(a3), 
where * in last expression — pseudogroup multiplication in A 2 - Also, we define left and right kernels of homomorphism for 
element a as the following subsets of Ai : 

kerf, a = {6 G Ai I (b, a) G Wi, a(6) = kerf a = {b G Ai | (a, ft) G Wi, a{b) = 

In case kerj^ ^ a = ef Vo. E Q — isomorphism of pseudogroups. 
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Proof. Note, that any pair 


(Ci,C2) e DEF^,(Si) X DEF^,(S2) 
defines unique deformation 

CeDEFAi(S) : S^S', 

where S = SiX S2, S' = S[x S!^- Inversely, any ( G DEF7k(B) determines unique Ci = ttiC and (2 = '^2C- 
We only need to restrict general diffeomorphisms DifF(S) on its subgroup DifF(Si) x Diff(K2), conserving 

Bi and B2 in B and consistent with product structure of £, when define DEFm{B) as factor £ x £/ ^ . 
To clear out relation between motions pseudogroups, lets calculate the derivative: 

^ {{dFtre} = ^ {{dFtridTT.re^ ® (dFt)*(d^2)*02}, 
at at 

where Ft — some history of some deformation = (Ci,C2) in Using composition property 
relations iriFt = Fu, TT2Ft = F2t, where Fit & Hist(Ci), ^2* G Hist(C2) and Leibnitz rule we obtain: 

^ {{dFtye} = 4 {(dFit)*0i} 0 (dF2t)*02 + (di^it)*0i ® ^ {(di"2i)*02} . 
at at at 

It is easily to see, that if 

F{dFitYei) = ^ ■ {dFit)*Qi, ^UdF2tr Q 2 ) = ■ {dF2tYQ2, 

dt at 

then previous equations are satisfied and so CMOT^Kj x CMOT^^(B 2 )-¥) ^ MOFm{B). Inversely, 
let d/dt{{dFtY&) = 0. It means, that for any sets of vector fields {u,u} on B: u = {ui,.. .UpY G 
{TBi)^P^, V = {ui,.. -Vp^} G (T,B2)^^^) where pi = deg0i, P2 = deg 02, we have d/dt{{dFtYQ){u,v) = 
0. Lets denote (dEit)*0i(u) = fi{u,t), (dE2t)*02(u) = / 2 (u,t). Then 

d/dt{{dFtY<S>)iu,v) = fi{u,t)f2iv,t) + fi{u,t)f2iv,t) = ^(/i/2) = 0, 
that gives /1/2 = const/ under any u and v. Then it follows, that 
fi{u,t) = fi{u)a{t), /2(u,t) = f2{v)/a{t). 

Coming back to codifferential, omitting arguments u, v by its arbitrariness and taking derivatives over t 
we obtain 

^((dFi/)*ei) = pYYdFitYQi, ^A{dF2tY^2) = -p{t){dF2tY^2. 
at dt 

with (p{t) = a'/a. We find that MOT/v((B) C CMOT/Kj x CMOT/vij (,B2)-i/) with p = p{t) and so, 
ultimately, MOT/\4(B) = GMOFmA^Yv ^ CMOT/vi^(^2)-,^ with p = p{t)F£\ 

There is direct generalization of proposition |lj. 

Proposition 15 For multicomponent d-structure D — T)i x ... x 

n n 

DEF^(S) = PdEF^/,(S,); MOTm{B) = Y[MOTmYBY^, 


n 

with Pi = (constg)i and ^ = 0. 

i=l 
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Note, that in case of composed d-structure = Si x 'D 2 there is two independent d-metrics on 
M = Ml X M2- (d-TTi)*©! and (d7r2)*02, which we have used for constructing universal d-metric on 
M with ’’good” properties. The similar situation arises in a more general case, when d-manifold possess 
two (or more) metrics. We’ll call d-structure with the set of metrics {0 q} on the same d-manifold M 
polymetric d-structure. If we consider all of 0 q as d-metrics, then every burns its own pseudogroup 
of motions MOT 7 \^(K)q,. We can introduce partial order on the set {©«}. Namely we define ©„ ^ 0/3, 
if MOT 3 K(B)a 3 MOT 3 k(B)/ 3 . We’ll say, that in this case the metric ©„ is weaker then Qp. Obviously, 
that if d-metric ©„ is weaker then 0 / 3 , then d-covering induced by 0/3 is submitted to the d-covering, 
induced by 0 q. 

Ge nera lly speaking, it is not necessary to consider all m etri cs from {0 q} as d-metrics (see example 
in Sec.^). Some of them can be used as g-metrics (see Sec.3.1). 


2.9 Physical realizations of free 
d-structures 

Any smooth form 0 S defined on arbitrary manifold M can be viewed as d-metric, if one specifies 
some d-body B. So, any 7 VI, supported by smooth form can be transformed into some d-structures. 
In physical applications the most often case \s B = M. In this case pseudogroup DBiF m{B) become 
group of deformations ofM, while MOT 3 vi(S) — its subgroup of motions of d-metric 0. Direct physical 
realizations of the such d-structures are following: 

1. M = B = ¥? — 3D Euclidean space, Q = rj — Euclidean metrics. In this case we obtain kinematics 
of standard elasticity theory (where A/2 — standard strain tensor). 

2. M = B = M 4 — pseudoeuclidian Minkowski space, 0 — Minkowski metrics. Such d-structure 
realizes relativistic generalization of 3D elasticity theory ||^, Here MOTm 4 (AI 4 ) = P^^(l, 3) — 
Poincare group with homogeneous subgroup of proper orthochronal Lorentz transformations. 

a. M = B = Vi — arbitrary 4D Riemannian manifold with Riemannian metric g = Q. Here we 
have generally covariant 4D elasticity theory, which takes into account gravitational held. The 
M 0 T\/ 4 (V 4 ) is isometry group of V 4 . Note, that while in two previous cases M — completely 
deformationally homogeneous, V 4 is, if and only if it is homogeneous (in common sense). 

Lets note also the following less direct and obvious realization of free d-structures. 


A. M — 2n-dimensional phase space of some dynamical system with canonical symplectic 2—form 
w = 0 H. If d-body H C M — some closed subset of initial data, then MOT;v((H) — Hamiltonian 
phase how, going through B, which is (locally) generated by some Hamiltonian function h (while 
DEF 3 \/i(H)o — group of arbitrary proper diffeomorphisms of M, generally speaking, changing form 
to (see Sec. 5.4)). Dynamical systems with constraints {/a(p, 9 ) = 0} are described by d-bodies — 
submanifolds of M and in this case 


motb(H) = n si(H) 

and is dehned by equation of motion for constraints 

{fa,h} = ^Cafa, 


where { , } — Poisons’s brackets. Quite different physical interpreting of symplectic d-structures, 
M0T3V((H) and DEF 3 \ 4 (H)o we’ll consider within dynamical case in Sec.5.4. 


5. Lets P{B,G) — bundle space with base B P, canonical projection tt, and structural group Q 
H. Connection on P can be dehned by the 1-form 0 G ^2(TP, g), which maps vector helds on TP 
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into Lie algebra g of Q. So, MOTp(P) will consist of all such deformations, which leave 0 invariant. 
Note, that MOTp(P) is always nonempty, since under vertical diffeomorphisms P x G ^ P Q is 
invariant by its definition. If there are additional deformations, which conserve 0, it is said, that 0 
is invariant connection. Summary of some results on invariant connections for the case MOTp(P) 
can be found in j^. Our approach requires more general consideration in the case MOTp(P) for 
B^P. 

Another form, appearing in bundle space is 2-form of curvature: = dO -I- 0 A 0. So, formally, we 
could view on (P, P, Diff(P), {0,17}) as bimetric structure, but easily to show, that 17 A 0. 

6. Let A4 — space of all thermodynamical parameters, 0 = Q — heat form, S = B C A4 — some 
thermodynamical system, described by some set of equations of state {(pa = 0}. In other words, 
B is some admissible submanifold in AI, which the system can evolve along. Then, DEF;\ 4 (Ad)o 
describes arbitrary continuous evolutions of thermodynamical parameters — some given thermody¬ 
namical processes, DEFa/((P)o, generally speaking, describes continuous changings of properties of 
the thermodynamical system (parameters of states equation); MOT 7 vi(AI) — continuous processes, 
conserving heat power, MOT 7 V((Ad) n S1(P) — continuous variations of state of the system, which 
conserves heat power, MOT;v((P), — continuous variations of properties, conserving heat power. 
Continuous quasistatic changings of state of the system are exactly proper slidings S1(P) : B ^ B. 

3 Dynamical deformational structures 

3.1 Definitions 

We have developed the theory of free deformational structures, containing some kinematical aspects of 
the deformational approach. To consider dynamics it is necessary to supply a free structure S) with some 
variational principle 21. We define 21 as the triad (P, ^,r), where P : fl'^P{B) x P ^ R — scalar energy 
density, fi — some volume measure on B,T — boundary conditions collection. Well call (S, 21) dynamical 
d-structure or simply d-structure. Lets discuss every of 21 components separately. 

1. Within standard continuum media physics dependence of P on deformable bodies properties, on 
deformations and on external conditions is defined by, a so called, material or definitional relatior^ 
and specified either by experiments or by some theoretical considerations, such as reference frame 
independence (see |^). In present paper we restrict ourself by those d-bodies, whose definitional 
relation 1) does not depend on ’’past prehistory” of deformations and 2) admits the separation: 

P = Po + C/, 

where Pq - elastic part - depends only on deformation measure, U : S —> M - external potential part 
- does not depend on deformation formf^. In analogy with similar common bodies, satisfying the 
condition 1, we’ll call such d-bodies elastic and satisfying condition 2 — simple and corresponding 
d-structures — elastic and simple respectively. We’ll say, that d-structure is closed, iiU = constgx/j 
and is open, if C/ ^ constax/- Everywhere below we’ll consider Pq = Po(Ab, Ag), that also restricts 
a wide class of minimal d-structures within more general high ones, where Pq can depend on high 
derivatives of Ag. 

2. Although the mapping (di)* induces form (dt)*0 = 0g on B, there is a problem to build local volume 
form dpL and scalar Po(A), besides the casePIp = 2. We have the following two alternatives: 1) try 

||23|] material relations were defined as expressing instant stress tensor cr* through prehistory of system F^i, t' < t. 
There is no importance how the relation is defined: by or by local energy TyFfi] in view of the relation ct* = SF/5A^. 

The second will be more convenient for us. 

^^In fact, U = (.*({/), where U : Ai —> R, i € £, — potential energy of B in external fields on At, which can possess by 
their own deformational dynamics. 

^®Even under p = 2 one should check, that det ©g ^ 0 (see Appendix N). 
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to define somehow form d/r and scalar in terms of ©g in case of general forms ©e € 

2) to define and (or) on B independently on d-metrics ©g. d-structures, realizing the first 

alternative will be called internal, second — external. Present paper will be mainly concerned with 
(more economical) internal d-structures (see Sec.3.3 and Appendix For future purposes we’ll 
call the metrics, which define scalar products and (or) volume form g-metrics, in difference with 
d-metrics, defining deformation measure. 

3. Bo unda ry conditions we’ll discuss and specify after derivation of Euler-Lagrange equations in 

Sec.O. 


3.2 Static and evolutional cases 


In applications of the approach to different physical systems we’ll be faced with the two types of dynamical 
deformational structures — statie and evolutional. To differ them we introduce special index e, which 
takes value ”1” in case of evolutional structures and ”2” — in case of static ones. Variational functional 
^ can be written then as the following universal expression: 


5[T,]= iToiA,)+a)d^^,, 


where in notations of Sec.2.1, 2.4, 3.1 


Ti = Ft{B), Ci = B X I, Ai = {A|;, A^}, d^i = (d7r2)*e(t)dt A (d7ri)*d/i. 


( 11 ) 


T 2 = i\B), C2 = 6, A 2 = Ag, dgi2 = d/r. 


Here e(t) — some ’’metric” on /, 7ri,7r2 — projections oi B x I on the first and second multipliers 
respectively. In other words, in case e = 1 we find minimum of and vary evolution Ft, while ’’ends 
points” {Fqi} hold fixed. In case e = 2 we find minimum of 5’[d], varying final embedding d, while initial 
embedding l hold fixed. 


3.3 Internal d-structures 
and g'-metrics 

The fact of existence of scalar density .^o(^) and variational functional ( 0 ) put some restrictions on 
possible kinds of d-metrics ©g. Within internal d-structures this metric merely should: 

1) admit the isomorphism dl^P{B) V^p{B), where V'^p{B) C T{0,p){B) — subspace of contravari- 
ant tensor fields of valency p (p-vectors). With the help of the isomorphism we are able to build from A 
scalars of type (A, A) = (A, A), where A £ V®?; 

2) provide possibility for constructing of invariant volume form dp = w dx^f\.. .Adx‘^, where zj = ti7(©) 
— scalar density of weight —I with respect to coordinate diffeomorphisms on B. 

In Appendices (^)-(|^) we generalize standard square matrix calculus on arbitrary form of even degree 
p = 2k. The results are following: 

I. A form ©g of even degree 2k admits point-wise isomorphism H®^^ ^ inverse 

2k—vector ©g^.' ©g^ • ©g = ©g • ©g^ = E, if in some coordinate system its matrix is point-wise 
preimage of the isomorphism x* of any nondegenerate seetion of trivial bundle B x 

\\eB\\ = xf\MiB)), M(6)GM^.^d^(R), detM(&)^0, 

where x* nnd all another notations are introduced in Appendix 
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2. For any natural d and k, related by the equation 

3'= - = 4m + 1, m G Z 

there exists volume form on B of the kind: 

A ... A = |detx*(0e)r^^^’^ dx^ A ... A dx'^, 

where 0b — any form of degree 2k, satisfying the existence of 0^^ condition. 

3. The form 0b as image {di)*QM is nondegenerate, if and only if 

(Le(M)Ui?e(Ai))n(r5)®'' = 0. (12) 

or in words, when left and right kernels of the form Q _\4 has null intersections with the space of all 
k—vector V®^(5) on a whole S (see Appendix]^. 

Everywhere below we assume, that d-metric has even valency and satisfies all conditions 1,2,3. 


4 (i-objects dynamical (equilibrium) equations 

Now we are going to derive general dynamical equation of d-objects. Lets introduce some useful indexless 
matrix notations, adopted both for static and for evolutional problems. 


4.1 Description of embeddings and deformation measure 

We’ll describe some history Ft{B) by the set of function^ {x'^{^,t)}A=i,...,n, where 
{x^}A=l,....n, {C,t}a=l,...,d 

— coordinates on A4 and B x I respectively. This multicomponent notation we’ll short as usually to 
X = x(^,t) = xt{£,). Corresponding matrix Dxt for {dFt)* has the components 




dxf 

1^' 


Codifferential {dFt)* defines induced linear mapping: 

Lt = {Dxt)^P (13) 

of d-metric — representation of {dFt)* in (T*5 )®p, such that: 

e% = {dFt)*e = LteM- 


For measure of deformation we have in evolutional case: 

dp)t 

A% = {dFt)*e - {dFo)*e = Lte{xt) - Loe{xo) = e%- e%; Ab = 0^ = 

where 0g = LqQ — background (initial) metric. 

For static problem we formally put: 


Ab = (dFi)*0 - (dFo)*0 = LMv) - 0B, 


(14) 


where y = xi(^). 

^■^They are often called in literature embedding variables. 
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4.2 Equations of motion (evolutional case) 


Lets begin from a more general evolutional case. Accordingly to Sec.|3.2| (case e = 1) full action has the 
following kind: 


= f {^0+^)vdt A 
Bxl 


(15) 


where Tq = A^) — internal elastic part of energy of (generally speaking, nonhomogeneous^) 

d-body B, U{xt[C)) = — external potential part of energy, v = e{t) ■ w{Qq), edt — metric on /, 

wdfi^ — volume form on B, induced by 0^, = d^^ A ... A d^'^. 

First variation of (p^ over Xt{^) takes the form: 




{{5T + 5U)v + {T + U)5v} dt A d/i{. 


Bxl 


Everywhere below in our derivation we’ll omit B and t at the bottom and top of A and of other values. 
Using the relations and definitions: 


= (d^|A,dA) + (d^l^,dA) = (cr,(5A) + (tt, dA); SU = {U\^,Sx); Sv={v\^,SA), 


(16) 


where we have introduced stress tensor a and surface momentum density tensor tt, have used ( , ) for 
coordinateless representation of summation as ” linear functional” over variations in corresponding spaces 
and have taken into account, that by ([l^ ) dAg = d0g. 

After integrating by parts over t we have: 


5^— J {{av ——{ttv) + {iF+ U)viA T SA) + {U\xV,6x)} dt A dji^ + j {tt, SA)v dji^. 


Bxl 


Bxdl 


The first triangle bracket within volume term can be transformed by the following way: 

av — + ^)i^|A = crv — TTV — Tr{v\A, A) + (iF + id)'B\A = (^ — tt)v — T UjA = vT,, 

where we have introduced 

f=TT(^A-{T + U)i 

— deformational energy-momentum ajfinnor, I — identical linear operator in T{Q,p): I ti|A = i’|Aj 

S = (cr — 7T — T (ln-n7)|A) 

— generalized stress tensor. 

Simple calculation with using ( [l^ ) and (^ gives: 

dA = d(L0) = dL0 + LSe = (0, 6Dx) + ((0|^)s, 6x), (17) 

where 



p—1 indexes 




P 

^ ^ ...as-iAlas+i...ap 7 = ^^\x- 

s=l 


Substituting all into 6^ and integrating by parts over we have: 


SS ^ f (5x)} dt A dfi 

__ 

^^Such nonhomegeneous d-body possess different elastic properties at different points. We should denote it by using 
apparent dependency of JF on but for the brevity don’t do it. 
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(E, 5 x) vdt A 


( 18 ) 


(tt, SA)v d^^ 


Bxdl 



dBxI 


where we use notation E = (E, 0) and in last boundary integral dji'^ symbolizes elements of the sets 
A ... A of d — 1 coordinate boundary hypersurface volume form. 

Extremality condition = 0 gives the following equations of motion: 

div E + /e + /ext = 0, (19) 

where 

(divE)^ = (znE^) 

— operator of divergence, 

/e = - (E, (0 |x)b) 

— Q-gravity force density, induced by nonhomogeneity of 0 in (it vanishes, when 0 — constant 
form), 

/ext = ^\x 

— external force density, induced by external fields (it vanishes in case of closed d-structures). 


4.3 Boundary conditions 

Under derivation of dynamical equations we have obtained boundary conditions ( p^ of the following 
general kind: 

J{Xa,Sx)dna, a =1,2,3, (20) 

Ta 

having sense of vanishing of ” average work” on variations Sx at boundary. Here boundary^ 
r = d{BxI) = {dB X /) U (H X dl) = Ti U Ta; Eg = Ti n Tz = x dl; 

= E; X 2 =-divTT + (tt, (0|a;)B); X 3 = tt = (tt, 0); 
d/xi = vdt A dyb'^] dy,2 = vdy^; dp-a = ud/ij. 

Here we consider only the most known and widely used boundary conditions (generalizing ones in 
standard elasticity theory): 

1. Pinned boundaries (P). In this case da:|r = 0 and all equations ( p0| ) are satisfied identically. 

2. Free boundaries (P). In this case variations 6x are arbitrary on F and boundary conditions takes 
the form: 

(P): Xa|r,,=0 a = 1,2,3. 

One only should check consistency of this independent equations on Fa. 

^®The term with Ta arises after integrating by parts of term with Fa with using (p^). 
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3. Sliding boundaries {S). Let 6xr = SFr{r) — variational homotopy of F. We’ll relate 6xt to a class 
of variations of sliding type 5x\\, if dSF^-^d/dr) G TV. Then sliding boundary conditions takes the 
form: 


(5): (X„,(5a:||) =0, o = l,2,3. 

If {^ 7 “} — coordinates on F, then its image (.(F) in M can be described by the set of functions 
{x{r])}. The set {dr^x} C TM forms collection of basis vector fields on t(F). Then coordinate form 
of sliding boundary conditions will be 

(S): {Xa,dr,x)=0, a = 1,2, 3. 

One should only check it consistency on F 3 . 

4. Boundaries with given variations (R). If — some fixed functions on F, such that 

'fs = 7^2 Its = 751 Itj then we come back to general conditions ( p0|) and get: 

(R) : j {Xa,ipa) dfXa = 0, o = 1, 2,3. 

Ta 


4.4 Static case 


In the static case accordingly to the Sec. B.2 (case e = 2) we start from the action: 

SlviO] = J +ld)'a7d^i^. 

B 

Then we should carry out similar to the evolutional case manipulations, that lead to the particular case 
of evolutional equations (M) and boundary conditions (M), taken under 


= 0, / = {0,1}, dl = 0, v^w. 


So, in static case we obtain (19) as equilibrium equations, with 
f = -{Te,FU)U S = a-t(ln(zu))|A 
and with the only boundary condition: 


(S, dx) wdp!^ = 0. 


OB 


4.5 Perturbative elasticity theory 

Since deformational energy density 1 Fq(A) is scalar^, it can depend on A only through the following 
combinations: 

AW=Tr(A*), (21) 

where A = A- (0*^)“^ G T(p/2, p/2) and matrix degree, multiplication and trace operation are understood 
in the sense of the corresponding operations of its x*-images (see Appendix^ in some coordinate system. 
Since dimS = d, then there exists no more then d functionally-independent scalars A^®^ which can be 
ordered by increasing i. Let {A(®')}i<i,</; i=i^...^s<d will be collection of the first s such independent 
scalars. 

^^Here we don’t differ A and A since they possess similar algebraic structure. So, our consideration in this paragraph 
touches pure cases !Fo(Aq) or JFo(A) 5 , but general mixed case A) can be considered by the similar manner 
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To compare equations of the Sec.4.2,4.4 with well known equations of standard field theory it is 
necessary to go to decomposition of the energy Tq over power of A. We’ll see, that the most part of 
modern field-theoretical models can be described by the first members of the decomposition — the so 
called and A^ -structures (see below). So we need investigate the structure of the following formal 
row: 


.Fo(A) = ^ - 

< ^ 1 


1 


i=l 


i\ 9A* 


Ab 


( 22 ) 


A=0 


The symbolic Macloren row (P2D with using notations (^) can be rewritten as follows: 


{k,i)—i 


(23) 


where in the second sum there is summation over all vectors k = (ki,..., kg) of s—dimensional integer¬ 
valued lattice, whose nonnegative coordinates satisfy the equation of atomic hyperplane {k, i) = i. Paren¬ 
thesis denote Euclidean scalar product in the vector i = (^ 1 , 12 ,... ,*s)- Scalar coefficients /..} 

characterize ’’elastic properties” of the d-body. Similarly to standard elasticity theory we’ll call it gener¬ 
alized Lame coefficients. 

We’ll call deformational structure D with energy density Tq as exact finite sum of powers of A with 
highest term of order i in (|^ ) -structure. 

Lets consider in more details A^-structure, assuming that the scalars A(^\ A*^^^ are nonzero and 

independent. 

1) j = 0. There is one Lame coefficient = iFo(O), which represent background (null) energy and 
practically always can be annihilated by constant shift of iFo- 

2) i = 1. There is one Lame coefficient /i}. The corresponding term of finite sum is: 

(24) 


Within the standard elasticity theory the term is responsible for energy of strongly tensed bars and plates 
(strings and membranes) and heat expanding of isotropic bodies 1^. 

3) i = 2. There is two Lame coefficient (Iqi and ^20 terms in ipQ respectively: 


pS,aP) + A(aI‘))^. 


(25) 


The expression is well known Hooks law of linear elasticity theory (where = n — shift modulus, 
L 20 — — second independent Lame coefficient). 

4) i = 3. Three nonzero Lame coefficient /Tqqj^, fjfiQ, gives the following terms in Tq: 


This part describes nonlinear corrections to the linear models within elasticity and field theory. In present 
paper we’ll not touch it. 

So, we have the following general kind of J-q within A^-structure: 

.F„(A<‘>,AP),AP))=m" + (.1A<‘> + mSiA<« + A(AI'>)"+,4iA<»+^>,„A<‘>AP>+P>„(A')».(26) 

Lets calculate stress tensoij^ a for A^-structure. Using its definition in (0) and decomposition (p^), we 
have: 


a = 


m 

dA 


E 


dJ^o 5A(*) 
aA(b dA 


ik-l + 2/i2oA^^^ + -I- 3/r3Qo(A^^^)^)(0°) ^ 


+ 2i^,l, + m?ioA(i))(0O)-i • A • (0O)-i + 3Mgoi(0°)-' ■ A • (0°)"' • A • (0°)-!. (27) 

The expression (p^, (p^ ) generalize in many aspects well known expression for elastic energy and stresses 
tensor within standard linear elasticity theory 

Surface momentum density can be obtained by changing A —> A. 
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5 Examples of dynamical deformational structures 


Now we consider some examples of classical d-structures, which can be observed within the well known 
theories. We leave without attention those examples, which concern either with standard elasticity theory 
— starting point of our generalizations, or with its development in M 4 or in V 4 , mentioned in Sec.2.£, 
since we are intending to devote them special papers in future. 


5.1 Example 1: The theory of classical d — 1—brane 

Let At = Mm+a be pseudoeuclidian space with metric 0. Lets consider static A^-structure with arbitrary 
d-body B. There is unique scalar invariant: 

= Tr[(A • (0°)-^] = TY{Dy'^ • 0 • Dy - 0°) • (0°)"^) = 0 0 Dy)-d = \Dy\^ - d, 

where 0 0 (0°)“^ contracts Dy as vectors in TMn+a and as forms in T*B. Assuming =T in (H), 
we obtain the action of the following kind B 

S'= Y y (|DyP - d) Vdet^d/i^. (28) 


This expression coincides with well known Polyakov’s action for classical d — 1-brane with special cosmo¬ 
logical term [^. In a difference with string and brane models the metric 0° is considered here as fixed 
(background). In accordance with string and brane ideology variation of the (^) over (0°)“^ leads to 
the constraint: 

Q[Dy,Dy)-\{\Dy\^-d) 0° = 0. 

Its contraction with (0°)“^ leads to the relation: 


\Dy\^ 


dV2 

d/ 2 - 1 ’ 


which under d = 2 (string case) gives inconsistent constraint d = 0. This arguments, typical for original 
string theory, are not so catastrophic within deformational approach, since true dynamical variables are 
not components of metric 0 °, but embedding variables a:o(?)- If we minimize ^ with respect to both hnal 
and initial position of d-object, we obtain the following consistent system: 


divZIy = 0; div (Dxq — 20 0 (0°) ^{Dy, Dxo)Dy) = 0, 


where the first is obtained by y—variation (it is identical to the string theory equation) and second — 
by a;o—variation of action (^. We do not write here boundary conditions. Note also, that cosmological 
term —d-T/2 can be absorbed by suitable choice of Ao(0)- 


5.2 Example 2: Classical solids dynamics as A|| + A^^-structure 

Let Ad = A/ 4 , 0 — Minkowski metric, B C M 4 — thin 4D time-like bar, i.e. body, whose size along 
time-like direction much more then in space-like. Within approach, been proposed in Jl^ , it performs 
the so called absolute (’’objective”) history of thing, while its space-like sections, observing from the point 
of view of some reference frame, performs relative (’’subjective”) history of the thing. Then, we have 
endowed the bar by some linear elastic properties, described by Lame coefficients = y and A = 2 /i 20 i 
(see Hooks law (|^)) and have generalized standard elasticity theory of common bars in Euclidean 3D 
space on the 4D case. Analysis of the theory has led to the following curious conclusions: 

^®Here we omit external potential energy lA. 
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• Classical mechanics can be formulated within 4D static deformational picture in terms of straining 
of the thin strongly tensed bars (strings) without special notion of mass (it has 4D force nature). 
In terms of deformational structures such theory should be related to the anisotropic A|| + A^^- 
structure, where symbols ” ||” and ”_L” differ time-like and space-like directions within our d-objects 
— 4D strings. General formulation of such anisotropic d—structures is obvious, but goes beyond 
the scope of the present paper. 

• Only third Newton’s lawp^ remains independent, while first and second appear as its consequences. 
Curiously, that second Newton’s law can be viewed as ID Laplace formula for strings, similar to 
2D case for membrane. 

• The approach reveals, that classical Newton laws are, in fact, result of some extremely exact ’’tun¬ 
ings” in mechanical structure of Universe, which itself can be imagined as twisted and strongly 
tensed net. 

• In principle, there is possibility of violation of Newton dynamics in some special situation: rapid 
rotations, large accelerations, beginning and end of absolute history of some 3D body and others 
additionally to relativistic effects. 

• The approach reveals fundamental role of observer as not only ’’spectator” but ’’participants” of 
formation of physical laws even within classical mechanics (see also ([|^)). 

Similar ideas, revealing connections of elasticity and inertia has been discussed in We hope that 
the deformational picture of classical mechanics will provide useful means for its more deep understanding. 

5.3 Example 3: Einstein gravity as A^-structure 

Let as in Example 1 At = Mm+a — pseudoeuclidian space with metric 0 and B C Mm+a — thin 4.0 
plate, i.e. body, whose sizes along some four dimensions (one — timelike and three space-like) are much 
more then in other ones. In the works 011,0 some generalization of standard elasticity theory for 
common (2D in E^) plate has been applied for the 4D plate equilibrium problem. We have endowed B 
with elastic constants A = 2ii2o ^-nd fi = nh and derived energy of bending (0, 0) and stretching S’s 
(0]) by integrating over extradimensions and 4D directions within static A^-structure. We had found, 
that: 

• Theory of straining of 4D plates in Mn+a can describe space-time (this is plate itself!) and matter 
(this is special stresses of the plate) dynamics in unified language. Namely, pure bending energy 

calculated within A^-structure (up to a dimensional constant) generalizes linearized Gilbert- 
Einstein’s action for gravity. On the other hand, pure stretch energy g's plays role of action of 4D 
matter field, living on the plate. 

• Within the deformational approach physical essence of Einstein equations becomes very clear. They 
express vanishing of total 4D stresses on the plate, induced by bending and stretching. In other 
words, Einstein equations says, that true dynamic of space-time is realized as locally nonstressed 
states of space-time. 

• This strange (from the view point of common plate theory) fact is originated from the ’’wrong” 
variational procedure, used in GR. From the viewpoint of deformational approach true variational 
variables are not Riemannian metric components {gapix)}, but embedding variables {?/(0}- Varying 
S’ over y{f) we have obtained in [ p^ ’’right” plate equilibrium equations for y(£f) and have proved 
that they possess more generality, then Einstein equations. 

it has been cleared in nr third Newton’s law follows only from assumption of additivity of force function / on 
bodies of mechanical Universe f{U\ U U 2 ) = f{Ui) + /(U 2 ), V Ui, U 2 C 
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• More detailed analysis shows, that Uf, is reduced to an exact linearized Einstein-Gilbert action when 
Poisons coefficient ap of the plate is 1/2. In this case variational derivative of Uf, (over g) transforms 
into linearized purely geometrical Einstein tensor, whose divergence vanishes by Bianchi identities. 
So, from the viewpoint of the deformational approach matter equations of motion follows from the 
field equations due to special elastic properties of space-time. 

• Curiously, that the Einstein case crp = 1/2 is degenerate from the viewpoint of the deformational 
approach, since T^dg becomes exact form relatively to embedding variables x{^) (but not g). In 
physical deformational language plate’s cylindrical stiffness factors {Dm}m=i,...N in all N extradi¬ 
mensions vanish under ap = 1/2. 

• Dimensional manipulations leads to the following relation between Einstein gravitational constant 

and elastic parameters of B, supporting old Sacharov’s hypothesis | |^ : 

Eh^+^ ~ -, 

K 

where E — Young modulus of the plate, N — number of extradimensions, h — (averaged) thickness 
of the plate in extradimensions. Assuming h ~ lp\, TV ~ 1 we obtain lni?(Pa) ~ 10^ — huge stiffness 
of space-time! 

Some another interesting topics, involving thermodynamics, origin of hyperbolicity of space-time, la- 
grangian formalism and boundary conditions have been discussed in cited papers. Cosmological implica¬ 
tion of the theory in the simplest case = 1 has been considered in [ p^ . 

5.4 Example 4: Maxwell electrodynamics as symplectic bimetric A^-structure. 

Let A4 — symplectic manifold (dim At = 2n) with Q = uj G A^(Al) — symplectic form, which is closed 
{duj = 0) and nondegenerate. As usually we define the mapping iz : A^{M) A{M), where z S TM, 

by the relation: 

iz;Uj{u) = u!{z,u), (29) 

for all u G TAt. 

Let B = A4 and let Et (At) — some diffeomorphism Ad ^ At, which we consider as a history of some 
deformation. It induces corresponding vector field A = dF{d/dt) gTM. Lets calculate local measure of 
the deformation. Using rule of action of Lie derivatives on external forms £z = iz o d d o iz, we 
have: 

uj = £a^ = (A o d-\- do iA)aj = diAUJ = dA = F, 

where closeness of uj has been used. It is naturally to associate F = dA with Faradey-Maxwell 2-form and 
A = iAto — with electromagnetic potential 1-form, whose deformational nature become clear. Following 
to the ideology of (unimetric) deformational structures, A^-structure should be based on the lagrangian: 

=g{F,F)^ + ^{£r^{F))\ 

where notations ( , and Tr^ remind us, that they are defined relatively to u) as both d—metric and 
^-metric. Easily to check (for example, using Darboux theorem and going to canonical form of u) : 
dx^ A dx^ -I- ... -I- A dx^"), that this lagrangian is not maxwellian. To get Maxwell electrodynamics 

we need to introduce Minkowski metric g and, so, go to bimetric structure. Obviously, that Tr^(E') = 0, 
and we have: 

E^ = g{F,F\ 

— standard maxwellian lagrangian with g = —I/IGtt in Gauss units. Note also, that dpr] = dg^ ~ 
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It is easily to understand the role of MOT^(Ad) within the considered model. It just generates 
gauge transformations of A. More exactly, let <!)t(A4) € MOT 7 \^(AI) and let v = d<P(d/dt). Then by 
interrelations of MOT7 k( 7VI) and Hamilton vector fields (see SecJ^ and [|^), v = gradh, where h — 
some (local) Hamiltonian function, generating motion and vector field v. By uniqueness theorem there 
is isomorphism (up to a constant) between MOT 7 \ 4 (AI) and set of all Hamilton functions {h}, defined 
by equation d^(d/dt) = grad/i. Then we define gauge mapping: 

DEF^(M)o^DEF^(M)o 

by the rule: 

d{(j)h{F)) = Ah = dF{d/dt) + grad/i = A + grad/i. 

In terms of forms, we’ll have 

iA^UJ = iAUJ + igrad/jW = A + dh 
— gauge transformation of electromagnetic potential. 
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A The problem of 0^^ 

Our approach to the question of existence of 0g^ will be based on some well known facts of standard 
square matrix algebra. Namely, in case of d-metrics, taken as bilinear quadratic forms, we know robust 
criteria, which provides existence of both inverting and scalar density of weight —1: 

1) Metric g admits point-wise isomorphism only if detjlgll ^ 0, where ||(;|| — 

matrix of the form g in any basis. The element of bivector space, isomorphic to g will be g~^ G 
which in basis, dual to basis of H®^ has inverse to HgH matrix; 

2) Let ||L|| — is matrix of nondegenerate linear transformation in the same vector space, where form 
g is acting. Then, as well known, matrix of the form is transformed by the rule: 

|l5|| = ||T|r-|iff'||-||i^ll- (30) 

Taking determinant of the both sides and square root we get: |det|jg'|j = |det|j 5 || /det||L|| — 

required scalar density of weight — I. 

Let consider the set il^P{b) of all forms of degree p at some fixed point b of d-body. The set, after 
fixing some basis, can be naturally identified with the space of p-cubic real matrices M^^xp of dimension 
d. Let p = 2k, fc S N and let some fixed division of all vector arguments of the 2fc—forms on two set 
with k elements is given. Without loss of generality we can relate the first k arguments to the first set, 
and remaining k — to the second. Let, then, y: (Z))")^* ^ {1,2,...,d^} — some ordering of (Z){)’^^, 
where Z))" — the set of positive integer numbers from 1 to d. This ordering induces the isomorphism 
(depending on the ordering) x*- M(^x 2 fc —> between spaces ofp-cubic matrices and square matrices 

of dimension d*’, which maps every matrix element Aai...ai,,at.+i...a 2 k matrix element x*{^)ab by the 
following rulep^ 

X*i-^)ab (a)x”^ (^) ■ 

^^For example a and b can be taken as fc—digits numbers of d-adic system of calculus of respective halts groups of indexes: 
a = OLidP + ol2(F -b ... + b = ah+idP + + ... + OL2kF 
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The isomorphism lets to pull-back all operations of standard matrix algebra from to Mdx 2 fe. 

Namely, let the following operations are given on ^d'^xd'^ ^d*‘xd'‘j /?■ ^ 

*: Mdfcxdiii Mdfcxd'" ^ Mdfcxd'ii- Then this operations by the isomorphism y* induce the operations d, [3 
and * in Mdx 2 fc by the rules: 

a = x7^°oLox* (i); 13 = 13ox* («); •*• = • *X**) (***)• 

Let * — is standard matrix multiplication in Md^xd''- Then (in) gives the rule for multiplication of 
matrices in Mdx 2 *:: 

d 

•■afeafe+i...a2fe = ^ ^ ^ai.. .afe/3i .../3fc-B/3i.. ./J^ajc+i.. .a2fe : 

0 i,...l 3 k = l 

y A, B G Mdx 2 fc. Preimage of matrix unit Ijkxd'^ = e will be matrix x*^i^) = -^dx 2 fc = E with components 

Eai...a^ak+i---a2k ~ ^aiafc+i<^a2afc+2 ’ ’ ’ ■ 

Let a — inversion operation in Md^xd*^- Then by (i), if inverse matrix exists for image x*(24), it will 
always exist for its preimage and A~^ = xir^((x*(^))~^) for every A G Mdx 2 fc. Let /3 = det. Then 
det-operation is well defined in Mdx 2 fc. Namely, by (ii) it follows that det24 = det(x*(24)). 

Now we dame that the matrix equation 


A*X = A- X = E 


in Mdx 2 fc has solution, if detd ^ 0. The solution we call matrix A inverse to A. Identifying E in the 
fixed coordinate system with mixed tensor in (TB)®^ 0 (T*B)®^ 


(in components E^l^^Xk = ''' CJ’ 

A — with formQ 0g = (dt)*0 of degree 2k, we go to the statement 1 of Sec.^ 


B The problem of dji (internal ^-structures) 

Let j — Jacobi matrix of some smooth nondegenerate coordinate transformation ^ ^ CiZ on E: 

JP - Q^f3 ’ 

and j~^ — its inverting. In the space Q®‘^^(B) this transformation induces 2fc-cubic matrix J~^ G Mdx 2 fc, 
such that 


0 : 


ai...akQk+i---<^2k 


_ / 7--l\/3i.../3fc o ( j-l\l3k+i...02k 

/Ol ...Ofc.../5fe/3fc + i .../32fc /Q:fe4.1...a2fc * 


Obviously, that J ^ = (j The expression (1) has image in Md^xd*^- 

x*(0') = Xh.(0)' = x*{J~^Zx*{Q)x*(.J~^), 


— the formula similar to the (30). Taking determinant of the both sides we get: 

detx*(0) 


detxH.(0') = detx*(0)[detx*(J^ = 


[detx*(>^)]^ 


(31) 


(32) 


where the relation x*iJ ^) = ix*iJ)) ^ hns been used, which, in turn, is direct consequence of the 
(i). From the ( ^ we see, that scalar density of weight —1 exists when the expression [detx*('/)]^ is 

^^Here and below we omit for brevity || || and identify tensors with matrices, which represent them in some coordinate 
system. 
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some degree of det j. It means, that degrees of [detx*(>/)]^ and det j, viewed as homogeneous polynomial 
relatively to derivatives should be connected by the relation: 

deg(a4//aj)[detxH.(J)]^ = I ■ degf^g^, (33) 
where I G M. Since 

deg(a 4 //aj)detj = d, degg^,/g^[detx*iJ)? = 2 • deg J • degdet|M^,^^, = 2fcd'=, 
we go to the condition: 

I = 2fcd'=-\ (34) 

which means, that the expression 

|detx*(0)|^^^ = |det0|^^* = |det0|^^^^'^ (35) 

is the candidate on the scalar density of weight —1 relatively to general coordinate transformation on B. 
As it follows from (^), the case of forms of degree 2 is peculiar, since under fc = 1 volume form takes 
the standard kind: |det 0^/^ dx^ A ... A dx‘^ and dependency on dimension of B disappears. 

The condition (Is^) and its consequences (Isl) and (|3|) are necessary but not sufficient for existence 
d/i, since one should check that the homogeneous polynomial |det X*('^)l ^ right degree d is exactly 
equal to det j. Let consider the transformation j which permutates two lines of j — i/-th and 
/i-th. The permutation induces the transformation J —> J in M^x 2 fc, which permutates any matrix 
element of J, up indexes of which contains /i and (or) v with the elements, which have on the same 
positions indexes v and (or) ^ respectively. The transformation, in turn, induces transformation (c/xi/)*: 

X*(d) ^ acting by the rule: = X*(‘vti/>^)- It pair-wisely permutates lines in matrix 

X*(d), whose numbers a has preimages xir^(a) = ai... ak, containing in their sequences numbers fi and 
(or) V. Total number of such permutations in matrix x*(.J) is equal: 

k 

P = = (s'" - 1)/2. (36) 

i=l 

So, under any permutation of two lines of Jacobi matrix j, (for columns all statements remains the 
same), detx*(d) considered as homogeneous polynomial with respect to d^'/d^ is transformed by the 
rule det {^fj.u)*X*{J) = (~l)'^det x*(d). It means, that det x*{J) ap to a constant factor is P+2m-th (m — 
any integer) degree of det j, which is the unique function of d^'/d^ with required antisymmetry property. 
By the kind of isomorphism x* (identifying of elements), and by the tensor product structure of 
matrix J, the constant multiplier can not be dependent on the matrix. The fact, that it is equal unity 
can be directly checked by calculation of determinant of image of identical coordinate transformation: 

det x*{E) = det e = +1. 


iNOW comparing 


detx*(^) = (detjr+2™ 

with (^ ) and (^), we get their general consequence: P + 2m = 1/2 or (using 

nk T ik—l A . 1 


and (H)): 


3^= - 2M'=“1 = 4m+ 1 


(37) 


which should be considered as equation, relating dimensions of d-body and admissible degree of a d- 
metric within internal d-structures. All solutions of the equation can be parametrized by the three 
integer numbers (to, k, d). For —5 < to < 5 there are the following solutions of (|^): 


(0,I,d), (0,2,2), (1,2,1), (-1,2,3), (2,2,0), (-2,2,4), 
(-3,2,5), (4,4,2), (-4,2,6), (5,3,1), (-5,2,7). 


The first parenthesis says, that forms of degree 2 can be d-metrics of internal d-structures on manifolds 
with any dimensions. Easily to check, that for k = 2 and fc = 4 there are no restrictions on d too. In case 
fc = 3 dimension d can not be even. 
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C Restrictions on 0 in At 


To the moment we have considered the form 0g, as initially defined on B. Lets clear what conditions 
on the form and embedding i to be satisfied, when 0g = (db)*Q possesses nondegeneracy property 
as induced d-metric. We’ll use XH.-representation for proving of statement 3 in Sec.3.3. Lets turn to the 
diagram (^). 


Om(s) 

(di,)*(s) 

-A 0g(6) 




A?’ 

(38) 

xn^ 





It shows, that after fixing some coordinates system, codifferential (dt)* at every point s = i{b) of defor¬ 
mant S can be isomorphically represented by the linear operatoiF^xl"^^^^(dt)*(s) = X*o (dt)*(s)o 
lying in Hom(M„fe,<„fc,Mj;fcx,^ic), where real linear spaces of matrices and represent 

X*"^(0Ai) and respectively in the fixed basis. In compact matrix form we have: 

kb = A^ksA, 


where Af, = k^ = X^^\^m{s)), A = x^^‘^\{d^)*) and 3 = 

which we can interpret as element of Hom(]R" ). Here we identify R" and R.'^ 
with (TsAd)®* and {TbB)®^ respectively in our fixed coordinate system. So, we can put the problem at 


the point in language of real vector spaces. Let remind some definitions |29 . 

Consider Vi and V 2 — some real linear vector spaces and and V 2 — their dual spaces (of linear 
functionals). Let A: VixVi^M — bilinear form in Vi. The set L\ C Vi is called left kernel of A, if 
k{l, cc) = 0 V a: e Vi and V I G L\. Similarly, Ra C V 2 is right kernel of A, if 0(a:, r) = 0 V a; G Vi and 
V r G Ra- The form A is called nondegenerat^^ if La = Ra = 0. Let A G Hom(V)',V 2 ) — some linear 
mapping of dual spaces. It has dual conjugated mapping A* G Hom(V 2 , Vi), defined by the rule: 


{Au){z) = u{A* z) 


for all u G Vj, z G V 2 . Its kernel 

ker A* = {w G V 2 | A*w = 0}. (39) 

We denote Im A* = V-Y ■ The mapping A induces mapping : Vf ^ ^ by the rule 

k^{z,w) = A^Q{z,w) = Q{A*z, A*w), (40) 

for all z,w G V 2 . If we fix some basises in Vi and V 2 , then ( |4^ ) takes the following matrix form: 

A^ = A'^AA. 


When A'^ will be nondegenerate? Let Laa = Raa = 0, then for z,w GY 2 where z any fixed and w runs 
whole V 2 we have: 

k^{w,z) = k^{z,w) = 0 ^ z = 0. 

By (^ ) it means, that for any fixed z and any w we have: 

k{A*w,A*z) = k{A*z,A*w) =0 A*z = 0. 

In other words, the narrowing k\yA of the form A must be nondegenerate. It means, that 

(La U Ra) n = 0. (41) 

^^Now we use notations 3-nd x^'^^ tor ordering of different sets and respectively. 

^"^More generally, the form A can be nondegenerate from the left and from the right. 
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Inversely, if is nondegenerate, then for any u running whole and for any fixed v G V.^ we have 

A{u,v) = A{v,u) = 0 V = 0. 

By d^ ) we can symbolically express u and v as 

M = + kerA*), v = A*{z + 'k.eTA*), 

for some w,z G ¥ 2 - Then by ( |4^ ) we have: 

A(A*(r(; + ker A), A*( 2 ; + ker A*)) = z) = 0 => zGkerA*. 

Similar conclusion takes place for left kernel of A'^. So, necessary (sufficient) condition of A^ nondegen¬ 
eracy is nondegeneracy of A\yA (-\- the condition ker A* = 0.) 

Now we come back to our initial problem. Identifying: 

Vi = (T«7W)®'=; Y 2 = {TbB)®^] A={dL)*-, A* = dr, = (TsS)^^ 

and observing, that kerdi = 0, since i — embedding, we go to the expression dil) of Sec.|3.3i which is 
exactly (^, where Ae(x) and Rq[m) subsets of such that at every point m G M 

Ae(m) = (xl R0{m) = (xl 
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